Abstract. An SU(n) Casson invariant of a knot is an integer which can be thought of as an algebraic-topological count of the number of characters of SU(n) representations of the knot group which take a longitude into a given conjugacy class. For bered knots, these invariants can be characterized as Lefschetz numbers which, for generic conjugacy classes, can be computed using a recursive algorithm of Atiyah and Bott, as adapted by Frohman. Using a new idea to solve the Atiyah-Bott recursion (as simpli ed by Zagier), we derive universal formulae which explicitly compute the invariants for all n. Our technique is based on our discovery that the generating functions associated to the relevant Lefschetz numbers (and polynomials) satisfy certain integral equations.
q n; (y 0 ; y 2 ; : : : ; y 2n?2 ) such that n; (K) = q n; (C 0 ; C 2 ; : : : ; C 2n?2 )
for any bered knot K with Conway polynomial r K (z) = P i 0 C 2i z 2i . (It is well-known that for knots, r K (z) is a polynomial in z 2 .) The formula for q n; is independent of K, so these polynomials give universal formulae for the invariants n; .
For = ! and n 5; a remarkable cancellation occurs, revealing that q n;! is not only homogeneous but also weighted homogeneous of weighted degree 2n ?2; where y 2i has weighted degree 2i: In Conjecture 1.9 we assert that this is true for all n provided = !. Consequently, in computations of q n;! one can drop all terms of lower order, which has the e ect of making general computations of the universal formulae possible.
For 2 SU(n); let m be the Euler characteristic of its conjugacy class. (Note that m is a positive integer for all 2 SU(n):) The wall-crossing formulae of 2] imply that for generic ; 2 SU(n), m q n; ?m q n; has weighted degree strictly less than 2n?2. Thus the weighted homogeneous part of 1 m q n; of highest weighted degree, denoted by n (y 0 ; y 2 ; : : : ; y 2n?2 ), is independent of (generic) 2 SU(n).
Even in the absence of Conjecture 1.9, our results give a complete computation of those terms in the universal polynomials which are invariant under wall-crossing. Using Zagier's summation formula 15] for solving the Atiyah-Bott recursion 1], we are able to express each coe cient of n as an explicit sum of rational numbers over the set of all compositions of n (i.e., ordered partitions of n). Since there are 2 n?1 compositions of n; direct evaluation of these sums becomes impractical, even for relatively modest values of n. To overcome this di culty, a new method for evaluating the sums is required.
Our technique is based on our discovery that certain generating functions (s; t) associated to these sums satisfy integral equations of the form: x (tx; t)dx = f(s; t); where (s) = P 1 n=1 s n =b n for b n = 4 n n!(n ? 1)! and f(s; t) is a given formal power series in s and t.
Indeed, assembling the solutions to the Atiyah-Bott recursion into a generating function e (s; t), we prove that e (s; t) satis es the contour integral equation: e (s; t) + I (sy) e (ty; t) (x; y)dy = (s);
where (s) and (x; y) are certain given power series and the contour integral is taken over the unit circle in C :
The contour integral equation yields a new, highly e cient method for computing the Lefschetz polynomials of certain self-maps of M n;1 ; the moduli space of rank n degree 1 bundles over a Riemann surface. These maps are induced by orientation preserving homeomorphisms of the surface with an open disk deleted. In particular, this applies to the identity map of M n;1 and thus provides a rapid method to generate the Poincar e polynomials of M n;1 :
Applying these techniques to integral equations of the rst type, we are able to determine n for moderate values of n: Appendix B includes a table of n for UNIVERSAL FORMULAE FOR SU(n) CASSON INVARIANTS OF KNOTS 3 2 n 10 (the computation is due to Casson for n = 2, 5] , and to Frohman for n = 3, 8] ).
Stronger results are obtained whenever one can solve the integral equations in closed form, which we have done in a number of instances. For example, the simplest terms appearing in n are the two monomials A n y n?2 0 y 2n? 2 
In the above equations, b nj = 4 nj n j !(n j ? 1)! and the interior sums are over all compositions of n into k parts. Solving the relevant integral equations allows us to evaluate these sums for all n and we prove that A n = 1 n ? 2n?2 n?1 , the Catalan number, and that B n = 1 (see Theorems 2.18 and 2.5).
More generally, we express each coe cient of n as an explicit linear combination of sums of the form This paper is organized into three sections and two appendices. In the rst section, we describe our universal formulae and show how their computation can be reduced to the evaluation of sums of type ( ). In the second section, we present our integral equation technique for analyzing such sums and also explain how contour integral equations yield a new algorithm for computing the relevant Lefschetz polynomials. In the third section, we present two corollaries. Proofs of certain combinatorial identities used in x2 are given in Appendix A. The polynomials n for 2 n 10 are tabulated in Appendix B.
Acknowledgments. The maple software package was used for the computations appearing in the tables in x1 and in Appendix B and was a valuable resource throughout the course of our investigation.
Universal Formulae
This section presents universal formulae determining the SU(n) Casson invariants n; (K) in terms of the Alexander (or Conway) polynomial of K for all bered knots K. After recalling the relevant de nitions in x1.1 and the earlier results of 4 
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Frohman concerning the existence of polynomials p n; in x1.2, we provide new direct computations of p n;! d for n; d relatively prime and n 5: Next in x1.3 we describe a change of variables leading to new polynomials q n; , which, though equivalent to p n; , are given by much simpler formulae, at least for = ! (cf. Conjecture 1.9).
In x1.4 & 1.5, we reduce the computation of q n;! to the evaluation of the sums ( ) from the introduction. This involves computing the weighted homogeneous part of p n;! d (which is independent of d provided (n; d) = 1)), and deducing the weighted homogeneous part n of q n;! d. The last part of x1.5 describes the coe cients of n as linear combinations of the sums ( ), and x2 presents general methods to evaluate such sums. For the purposes of x1, Conjecture 1.16 provides a complete solution determining n for arbitrary n: Conjecture 1.9 then asserts that q n;! = n ; allowing one to recover p n;! from just its weighted homogeneous part. Finally, we mention that one could employ the wall-crossing formulae of 2] to determine p n; for all generic 2 SU(n) yielding universal formulae for n; (K) for all bered knots K. 1 (ii) The Conway polynomial of the bered knot K N is the unique polynomial r K (z) such that r K (t 1=2 ? t ?1=2 ) = K (t):
For N = S 3 , both (i) and (ii) coincide with the common de nitions which are usually given in terms of the Alexander module for (i) and in terms of skein theory for (ii). In any case, r K (z) is in fact a polynomial in z 2 for knots K:
Now, we are almost ready to de ne the SU(n) Casson to be the quotient of e R n; by the conjugation action of SU(n). An orientation preserving homeomorphism h : (F; @F) ?! (F; @F) and a choice of a path from the basepoint b to h(b) determines an automorphism h # : 1 (F; b) ?! 1 (F; b).
Precomposition with h # induces a map e h : e R n; ?! e R n; which in turn induces a map h : R n; ?! R n; and h depends only the homotopy class of h as a map of pairs. In particular, this process de nes an action of the mapping class group, 0 (Homeo + (F )), on R n; , where Homeo + (F ) is the topological group of orientation preserving self-homeomorphisms of F.
De nition 1.4. Suppose that K N is a bered knot with surface F and monodromy map ' : F ?! F.
(i) Denote by L n; (t; K) the Lefschetz polynomial of the pair (R n; ; ' ): (ii) De ne the SU(n) Casson invariant of K by setting n; (K) L n; (1; K), i.e., n; (K) equals the Lefschetz number of the pair (R n; ; ' ):
The Lefschetz number of a map can be thought of as an algebraic-topological count of the number of xed points of the map; here, xed points of ' correspond to characters of SU(n) representations of the knot group of K which take a longitude into the conjugacy class of . The following is a restatement of Proposition 1.2 of 8].
Proposition 1.5. If H 1 (N; Z) is nite, then K (1) = jH 1 (N; Z)j. Otherwise,
Consequently, we shall be primarily interested in the case K is a knot in a rational homology sphere N: Proof. We rst solve for the polynomials P n such that P n (z) = t n + t ?n , where z = t 1=2 ? t ?1=2 : It is straightforward to see that these satisfy the recursion: P 0 (z) = 2; P 1 (z) = z 2 + 2; P n+1 (z) = (z 2 + 2)P n (z) ? P n?1 (z); n = 1; 2; : : : by showing that, de ned this way, P n satisfy the recursion. Inserting this explicit formula for P n (z) into r K (z) = K (t) = a 0 + P g j=1 a j P j (z) and interchanging the order of summation, we obtain the statement of the proposition.
De ne variables y 0 ; y 2 ; : : : ; y 2n?2 so that y 2k represents the 2k-th coe cient of the Conway polynomial, i.e., so that r (2k) and where the interior sum is over all`1; : : : ;`2 j 0 such that`1+ +`2 j = k and 1 + 2`2 + + 2j`2 j = 2j (as multisets, these are just partitions f1`1; : : : ; (2j)`2 j g of 2j into 2k parts, see x5.1 for an explanation of this notation).
By making the above change of coordinates to rewrite the polynomials p n; in terms of y 0 ; y 2 ; : : : ; y 2n?2 and calling the result q n; ; we now see that the following result is a direct consequence of Theorem 3.14 of 8], as extended in 3]. Corollary 1.8. Suppose 2 SU(n) is generic. There exist homogeneous polynomials q n; (y 0 ; y 2 ; : : : ; y 2n?2 ) of degree n ? 1 such that, for any bered knot K with Conway polynomial r K (z) = P i 0 C 2i z 2i , n; (K) = q n; (C 0 ; C 2 ; : : : ; C 2n?2 ): Notice that this change of variables yields strikingly simpler formulae than before.
Notably, if we assign to y 2i the weighted degree 2i, then q n;! is seen to be weighted homogeneous for 2 n 5: We believe this is true for all n: Conjecture 1.9. q n;! (y 0 ; y 2 ; : : : ; y 2n?2 ) is weighted homogeneous for all n > 1: It is not generally true that q n; is weighted homogeneous for 2 SU(n):
In all our computations, the coe cients of q n;! d are integers. Moreover, the coe cients of q n;! are all positive integers. We ask if these statements are true in general. Question 1.10. 1. Is q n; 2 Z y 0 ; y 2 ; : : : ; y 2n?2 ] for all n and all generic 2 SU(n)? 2. Are the coe cients of q n;! always positive integers? Remark 1.11. Viewing q n; as a map from Q n to Q; it follows that q n; takes the integer lattice Z n to Z: This is easily demonstrated by interpreting q n;! (k 1 ; : : : ; k n ) as the Lefschetz number of the bered knot K with Conway polynomial r K (z) = P n k n z 2n .
1.4. The weighted homogeneous part of p n;! d and enumerative sums. In the next subsection, we shall assume Conjecture 1.9 and derive a formula for q n;! in terms of certain sums. In this subsection, we determine a formula for the weighted homogeneous part of p n;! d and observe that this is vastly simpler to compute than all of p n;! d. The general idea is to apply L'Hôpital's rule 2n ? 2 times to the summation formula for e L n;! d(t; K), which is the balanced polynomial associated to L n;! d(t; K) of Proposition 1.6. Exploiting the fact that we only care about the terms in p n;! d of highest weighted degree, we are able to perform what would otherwise be an unreasonably complicated calculation.
Sample calculations of p n;! for n = 2 and n = 3 can be found in 8], and the material here assumes some familiarity with those techniques. We only explain those features relevant to the more general calculation. It was observed in 8] that the formula for the balanced Lefschetz polynomial e L n;
is nearly identical to the formula given in Proposition 1.6 except that it is independent of the genus g: Speci cally, lettingc(t) denote the balanced Alexander 
We are interested in using this to evaluate e L n;! d(t; K) at t = 1; so let I = fn = (n 1 ; : : : ; n k ) j k 1; n 1 + + n k = ng be the set of all compositions of n; and de ne p n (t) = (?1) k?1 t 2M(n;d=n)?1 (c(t)) ?1
Notice that p n (t) is indeed a Laurent polynomial and is analytic at t = 1; and that q n (t) 2 Z t] has a zero of order 2n ? 2 at t = 1: Writing q n (t) = (t ? 1) 2n?2 q n (t); it is straightforward to verify that
(n j + n j+1 ):
To determine e L n;! d(1; K) using (1.3), we compute
For a xed knot K; this allows one to determine n;! d(K): However, as Frohman observes (see p. 137, 8]), since the formula obtained is independent of the genus g of the knot, one actually obtains a formula for n;! d(K) in terms of the derivatives ofc(t) at t = 1 which is universal in the sense that it does not depend on K:
Although it is possible to compute (1.7) for certain restricted values of n; the general computation appears intractable. For example, in the table of x1.2, the results of computer calculations of p n;! d are listed. As n increases, the complexity of this computation grows exponentially making it impossible to directly determine p n;! d in general.
On the other hand, we are only interested in the weighted homogeneous part of p n;! d of highest weighted degree, thus we can ignore all terms of (1.7) involving fewer than 2n ? 2 derivatives of p n (t): This means that for our purposes, the expression in (1.7) simpli es to give
.
(2n ? 2)! q n (1):
We are not claiming that (1.8) equals e L n;! d(1; K), just that (1.8) can be used to nd the weighted homogeneous part of p n;! d of highest weighted degree. The expression in (1.8) is still quite cumbersome to calculate, but notice that there is a further simpli cation. To make this precise, we introduce the following de nition.
De nition 1.12. Given a Laurent polynomialc(t); suppose
where u i (t); f i (t) for i = 1; : : : ; k are polynomials.
where the sum is over all`= (`1; : : : ;`k) 2 N k and where g i;`( t) are polynomials depending on`i; f i (t); u i (t); i = 1; : : : ; k and their derivatives. For each term
(`i) (u i (t))g i;`( t) of (1.9), de ne itsc-order to be
Notice that for terms in (1.9) ofc-order m; we have g i;`( t) = m 1 ;::: ;`k f i (t). We now introduce the index set B n de ned for n = (n 1 ; : : : ; n k ) a composition of n by B n = f(i; j) j 1 i k; 1 j n i ; (i; j) 6 = (1; 1)g: (B n is just the Ferrers board associated to n with the block at (1; 1) removed.) Thus, we can rewrite (1.4) as where the sum is over all`i j 2 N satisfying P (i;j)2Bn`i j = 2n ? 2 (1) + (terms ofc-order less than 2n ? 2) (1.12) + (terms of odd order derivatives ofc(t) at t = 1); where ij 2 N satisfy P (i;j)2Bn ij = n ? 1.
Finally, we obtain a formula for the weighted homogeneous part of p n;! d by replacingc (2e) (1) by x 2e in (1.12), dividing by (1.6) and summing over all n: Setting b`= 4``!(`? 1)!, we deduce that the weighted homogeneous part of p n;! d equals
(1.13)
The monomial terms of (1. 
(n j + n j+1 ) ; (1.15) where the interior sum is over all compositions n = (n 1 ; : : : ; n k ) of n into k parts The weighted homogeneous part of q n;! d . Before proceeding, we introduce some useful notation. Given a partition n = (n 1 ; : : : ; n k ) of n, we may write this as the multiset f1`1; : : : ; n`ng; where (i)`i is the number of times i occurs in (n 1 ; : : : ; n k );
(ii) i`means i; : : : ; i; repeated`times (in particular i 0 = ;), and (iii)`1 + 2`2 + + n`n = n:
Suppose that 2 SU(n) has eigenvalues 1 ; : : : ; k of multiplicities n 1 ; : : : ; n k :
It is elementary to see that the conjugacy class of in SU(n) has Euler characteristic given by the multinomial coe cient 
where a (n) is given in De nition 1.13 and b`= 4``!(`? 1)! as before.
Examples. We relate (1.16) to the summation formulae (y) and (z) for A n and B n from the introduction.
(i) Suppose d = 1 and = (n?1): Then for any composition n = (n 1 ; : : : ; n k ) of n, 4 1 n = ; and we see from De nition 1.13 that a (n) = ?1+ P k i=1 P ni j=1 (2j ?1) 2n?2 :
Thus, using (1.16), the coe cient of y n?2 0 y 2n?2 in n is given by c 
and it follows that the coe cient of y n?1 2 in n is given by c (1;::: ;1)
This equals the sum for B n as de ned in (z) of the introduction, and in Theorem 2.5, we will evaluate this sum and prove it equals 1:
The evaluation of both sums in (i) and (ii) above involve the method of integral equations. These methods apply more generally to the sums in the following de - Notice that is not assumed to be a partition of n ? 1 in the above de nition.
The following conjecture gives a formula for the evaluation of these sums assuming The rst approximation is to subtract o these associated power sums, and it will prove convenient to do this in an S d -equivariant way. We continue this procedure using the principle of inclusion-exclusion, which explains the occurrence of the numbers d of Proposition 1.18. We work for the moment with extended partitions, which are non-increasing sequences of positive integers ( The proof of the proposition rests on some well-known properties of Stirling numbers of the rst kind, which is illustrated in the following lemma. The proof of the proposition follows from the lemma, as we now explain. Proof. We must show that, after performing the sum on the right-hand side of Our development of the integral equations in x2.1 and 2.2 is slightly more general than we need. There, we consider an algebra A which need not be commutative.
It should be noted that a commutative algebra would su ce for the applications in the sequel. Given a sequence a n 2 A, n = 1; 2; : : :, the associated generating function is the formal power series in the commuting variable s: The second sum is over all compositions of n into k parts. i.e., e (u; ux) is the generating function for the sequence fQ n;1 j n = 1; 2; : : :g.
In particular, this proposition can be applied to obtain an e cient new recursive algorithm for computing the Lefschetz polynomials L n;! d(t; K): (i) Let Q n;1 and Q n be given by (2.14) and (2.15) respectively.
(ii) Compute e (s; t) via the recursive formula given by (2.11) and (2.12).
(iii) Obtain Q n;1 as the coe cient of u n in e (u; ux). Before giving its proof, we observe the following consequence of Proposition 2.4 which asserts that the sums denoted by B n in (z) of the introduction evaluate to 1. We claim that the same is true of B i;j ; i.e., we claim that The coe cient of t n in (2.27), n 1, is precisely the left side of the identity (2.28) and is consequently equal to 0. Hence (2.27) is equal to its value at t = 0, namely 1=b k , which coincides with the coe cient of s k in (s).
The following result is another useful special case of (2.25).
Proposition 2.9. which is Identity A.5.
Given a formal power series f(t) = P 1 n=0 a n t n and a non-negative integer p, the p{th derivative of f(t), denoted by f (p) (t), is the formal power series:
Proposition 2.10. P q (t; t) = 4! t q (q?1) (?t).
Proof. By Proposition 2. x P n (tx; t)dx :
The conclusion now follows from Proposition 2.9. Next, we consider the situation where N is not a rational homology sphere. In this case, we can determine the invariants n;! for all n from Theorem 2.5. Proofs. All but the last identity are exhibited using the method of residues 7].
Recall that for a meromorphic function f(z); its residue at in nity is de ned as The proof proceeds by induction on i > 0: Using the relation n(n + 1)( n ? n+1 ) = 1 n ; (A.2) which is easily veri ed, it is not di cult to establish Identity A.6 for i = 1 and for all j > 0: This gets the induction started.
To prove the inductive step, we use the formula that 
